Let m; and my be the mass of object 1 and the mass of object 2, respectively. Let v1; and v1; be the initial
velocity of object 1 and the final velocity of object 1, respectively. Let vy; and vay be the initial velocity of
object 2 and the final velocity of object 2, respectively. Thus, the initial momentum (Mj;) and energy (E;) of
object 1 are My; = mjvy; and Ey; = %mlv%i. The final momentum and energy of object 1 are M;5 = myviy
and Eyp = %mlvf #, respectively. Finally, the initial momentum and energy and final momentum and energy
of object 2 are My; = mqyvq; and Fo; = %mlvgi and My = myvap and Epp = %mlvgf, respectively. Thus,
the total momentum and energy prior two the collision are M1; + Ms; and E1; + Es;, respectively and the
total momentum and energy after the collision are M;¢ 4+ Myy and Eq 5 + Eyy, respectively. Since the total
momentum before and after the collision is conserved, we have

My; + Ma; = My + May

M1V1; + MoV = M1V + MaVaf
and since the total energy is conserved before and after the collision, we have

Ey; + By = B + Loy
1
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5L 5 Mavy; = STy + Moy

2 2 2 2
mivy; + meovy, = mivyy + MaVay-
Now we take the previous equation and solve for vay, which gives us
m1U1; + Mol = mivif + mavaf

MoVaf = M1V1; + MaV2; — M1V1¥
miv1; + MoV — MVLf

Vof =
I Mo

Now we substitute this into the equation for energy and solve for viy. We get

2 2 2 2
M1V7; + Moy = M1viy + Moy

2
mM1v1; + MaU2; — M1V1f
ma

2 2 2
M1V, + Mavy; = MUy + M2 <

2,2 2,2 2 2,2
mivy; + 2mimovi;Ve; + Mavy; — 2mivi vy + mivyy — 2m1movg; V15

2
m3

2 2 2
M1V, + Mavy; = Miviy + Mo

mlmgv%i + m%v%i = mlmgv%f + m%v%i + 2mimovyv9; + m%v%i — 2m%v1ivlf + m%v%f — 2m1mav2; V1
mimavs; = mlmgv%f + m3v?; + 2mymovyve; — 2m%v1iv1f + m%v%f — 2m1movg;v1 ¢

mlmgvff + m%vff — 2mfv11vv1f — 2m1Mmave; V15 + m?vfi + 2mimoviV9; — mlmgvfi =0

(mimgo + m?)”%f — 2my (m1v1; — Mmavg;)viy + myvii(mivy + 2maove; — movy) =0

(m1 + ma)vi; — 2(mavy; + mava;)vis + v1i(Mavy; + 2mava; — mavy;) = 0.

Now we are going to use the quadratic formula to solve for v; ¢, which gives us

—(=2(myv1; + mavy;)) £ /(=2(mav1; + mava;))2 — 4(my + ma) (v (miv1; + 2mava; — mavy;))

Ulf - 2(777,1 —+ TTLQ)
_ 2(mqv1i + mavy;) £ /A(m1v1; + mave)2 — 4(my + ma) (vii(M1v1; + 2mav2; — mavy;))
2(m1 + mg)
_ M1V + mavsy; £ /(m1v1; + mava;)2 — (my + ma)(vi;(mivy; + 2mava; — mavy;))
mi + Mo '



Let us simplify what is under the radical. Doing so gives us

(myvy; + m2U21)2 — (mq + ma)(vii(mivi; + 2mave; — mavi;))

mivi; + 2mimaviiva; + mavs; — (M3vi; 4+ 2mimavive; — mimavi; + mymaovi; + 2mivive; — mivi;)
m%vi + 2mimovyv9; + mgvgz m%vh 2mimeov1Ve; + mlmgvi mlmgv12 2m2v12v21 + mQUi
mavs; — 2maviva; + mavi;

(mava; — mavy;)?.

Now, we substitute this back into the previous equation and continue simplifying:

m1v1; + Mave; £ v/ (Mavay; — mavy;)?

vir = mi + mo
_ M1v1; + MUz T MoV — Mavy;
B mi + mo
_ MU1; + Mo + MoV — MaV1; M1V1; + Mol — MoV + Moy,
B mp 4+ ma ’ myp + ma

_ Mo + 2mavua; — Mavy; M1 + Mavy;
- )

mi1 + mo mi1 + mo
m1v1; + 2mavg; — movy; v1;(ma + ma)

?
my + mo my + mo

_ myv1; + 2mava; — mavy;
- s V14
mi + mo

The solution vy = v1; would mean that the collision has had no effect on the collision, so we will discard
this result and instead use viy = ml”“fgﬁﬁ;_m”“
To solve for vay, we will use the save starting conditions. Now, we will solve for v,y using the equation

for momentum, which gives us

mM1V1; + Mav2; — Moy
mq '

U1f =

The calculation will mimic those given to solve for v;s, so rather than show every step of the calculations,
we will just focus on the main steps. Putting the previous equation into the energy equation and solving for
vaf gives us

mM1V1; + Mav2; — Moy

2
) + mgvgf

(m1 + ma)vs; — 2(mav1; + Maova;)vag 4 v2i(Mavz; + 2mav1; — Myvy;) = 0.

2 2
myvy; + movy; = my
my

Using the quadratic formula to solve for vo; gives us

—(=2(myv1; + mavy;)) £ /(=2(mav1; + mava;))? — 4(my + ma) (va;(Mmava; + 2mivi; — myve;))
2(7711 + mz)

vif =

_ Maovg; + 2myvy; — MUy
= y V24
mi + me

Once again, we will discard vay = v9; as irrelevant and use voy = mg”%fgﬁrﬁ; —M1Y%2i a5 our equation for the
final velocity of the second object.



